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Abstract 

We use the theory of selfdual Lagrangians to give a variational approach to the homogenization of equations 
in divergence form, that are driven by a periodic family of maximal monotone vector fields. The approach 
has the advantage of using L-convergence methods for corresponding functionals just as in the classical case 
of convex potentials, as opposed to the graph convergence methods used in the absence of potentials. A new 
variational formulation for the homogenized equation is also given. 
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1 Introduction 

We consider the homogenization of the problem 

T n (x) £ fi(^,Vu n (a:)) xeO, 
-div(r„(x)) = u£(ar) (1) 
w„(x) = i£ <3fi, 

where is a bounded domain of WL N and fi : fi x R" -> is a measurable map on Q,xR N such that 
B(x, •) is maximal monotone on 1^ for almost all x G fi, and such that B(.,£) is Q"P er i°dic for an open 
non-degenerate parallelogram Q in W l . This problem has been investigated in recent years by many authors. 
We refer the interested reader to [TJ HI QU El E3 HI] for related results. 
The particular case where the maximal monotone operator is a subdifferential of the form 

fi(x,0=^(x,C), (2) 

with ip : fi x R N -> K being a convex function in the second variable is particularly appealing and completely 
understood. Indeed, under appropriate boundedness and coercivity conditions on tp, say 



Co(|CI P - 1) < ^(x,0 < CidCr + 1) for all (x,£) e x 



where 1 < p < oo and Co, C are positive constants, one can then use a variational approach to identify for 
a given u* £ W~ 1:P (£l), the solution (u, r) of fl} as the respective minima of the problems 

infjy V(x, Vu(x))dx - J u* (x)u(x) dx; ueWo' p (Q)\, (3) 

and 

infi / ^*(x,r(x))dx; div(r) = u* \ , (4) 



<> 



where ip* is the Fenchel-Legendre dual (in the second variable) of tp. In this case, the classical concept of 
T-convergence -introduced by DeGiorgi- can be used to show that if u* — > u* strongly in W _1 ' 9 (fi) with 
q = -zj, then up to a subsequence u n — > u weakly in W ' p (Cl) and t„ — > t weakly in L q (Q; WL N ), where u is 
a solution and r is a momentum of the homogenized problem 



t(x) € fiftom.(Vu(x)) a.e. ieSl, 
— div(r(x)) = it*(x) a.e. x € fi. 



(5) 



Here B^om can be defined variationally as follows: for £ 6 R N , &hom(0 — diphom{£)i where 

1 

mm - — r 

v ew^(Q) \Q\ 



iphom(0 '■= min TTTr / ip(x,£ + V(p(x)) dx, (6) 



and 



W^ p (Q) = {ueW 1 ' p (Q); I u{x)dx = and u is Q - periodic}. (7) 

As mentioned above, a similar result can be obtained for general maximal monotone maps fi : x — > M. N 
with appropriate boundedness conditions (see below) , by using the more cumbersome graph convergence (or 
G-convergence) methods. In this case, Qhom is defined by the following non- variational formula 

flfcom(0 = { J Q g(y)dy ER N ;ge L%(Q;R N ), g(y) € B(y,£ + V^(y)) a.e. in Q for some ^ e W^ P (Q)}, 

(8) 
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where 

Ll(Q;R N ) := | 5 € L q (Q; R N ); J^(g(y),\7p(y)) RN dy = for every tp G W^' P (Q) j . (9) 

More recently, the first-named author proposed a variational approach to deal with general maximal mono- 
tone operators, including corresponding equations of the form ([1]) via the theory of selfdual Lagrangians on 
phase space [TTJ [TH] . Our goal here is to describe how this approach is particularly well suited to deal with 
the homogenization of such equations, first by showing that -just as in the case of a convex potential @ - 
the limiting process can be handled again through T-convergence of associated selfdual Lagrangians, and 
secondly by giving a variational characterization for the limiting vector field (jSJ in the same spirit as in ([5]) . 

We first recall that a selfdual Lagrangian L on a reflexive Banach space X, is any convex lower semi- 
continuous function on phase space L : X x X* — >• R U {+00} that satisfy the following duality property: 

L*(u*,u) = L(u, it*) for all (it, it*) G X x X*, (10) 

where X* is the Banach space dual to X, and L* is the Fenchel-Legendre dual of L in both variables, i.e., 

L*(u* , u) = sup{(i>, u*) + (u, v*) — L(v, v*) : (v, v*) G X x X*}. 

Such Lagrangians satisfy the following basic property: 

L(u, u*) - (u, u*) > for every (u, u*) G X x X*. 

We then consider the corresponding -possibly multivalued- selfdual vector field dL : X —> 2 X defined for 
each u G X as the -possibly empty- subset dL{u) of X* given by 

dL(u) := {u* G X*;L(u, it*) - (u, it*) = 0} = {it* G X*; (u*, it) G 8L(u, it*)}. (11) 

Here is the subdifferential of the convex function L on X x X*, which should not be confused with dL. 
Before going further, let us note that selfdual vector fields are natural and far reaching extensions of subdif- 
ferentials of convex lower semi-continuous functions. Indeed, the most basic selfdual Lagrangians are of the 
form L(u,u*) — tp(u) + tp*(u*) where (p is a convex function in X, and if* is its Fenchel dual on X* (i.e., 
Lp*(u*) = sup{(u, it*) — tp(u); u G X}, in which case 

dL(u) = d<p(u). 

More interesting examples of selfdual Lagrangians are of the form L(u,u*) — ip(u) + (p*(—Tu + it*) where 
tp is a convex and lower semi-continuous function on X, and F : X — > X* is a skew adjoint operator. The 
corresponding selfdual vector field is then 

dL(u) = Tu + dp(u). 

Actually, both dp and dp + T are particular examples of the so-called maximal monotone operators, which 
are set- valued maps (3 : X — > 2 X whose graph in X x X* are maximal (for set inclusion) among all monotone 
subsets G of X x X* , i.e., those G satisfying 

(x — y,p — q) > for every (x,p) and (y,q) in G. (12) 

It turned out that the class of maximal monotone operators and the one of selfdual vector fields coincide. 
Indeed, the following was proved in [T7] . 

Theorem 1.1 If fi : D(S) C X — > 2 X is a maximal monotone operator with a non-empty domain -D(fi), 
then there exists a selfdual Lagrangian on X x X* such that fi = dL. 

Conversely, if L is a proper selfdual Lagrangian on X x X* , then the vector field it — > dL(u) is maximal 
monotone. 

This means that selfdual Lagrangians can be seen as the potentials for maximal monotone operators, in the 
same way as convex lower semi-continuous energies are the potentials of their own subdifferential, leading 
to a variational formulation and resolution of most equations involving maximal monotone operators such 
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as the one in JT]). This was indeed done in [T7] in the case where /3 does not depend on the state x € Q. 
We shall however need to consider in this paper measurable families B(x, .) : fi X K — > I 1 *' of maximal 
monotone operators with suitable boundedness and coercivity conditions, and the possibility of associating 
to them measurable families L(x, •, •) : D, x R N x R N l w of selfdual Lagrangians on R N -> R N that reflect 
these conditions. For that we recall the definition of the class Mn tP (WL N ) introduced in [5]. 

Definition 1.1 For a domain in WL N , p > 1 and ~ + ~ = 1, we denote by Mq :P (M. n ) the class of all 
possibly multi-valued functions & : fl x R N — > R N with closed values, which satisfy the following conditions: 

(i) fi is measurable with respect to £(fi) x B(R N ) and B(M ) where £(f2) is is i/ie a-field of all measurable 
subsets of Q. and B(R N ) is the a-field of all Borel subsets ofR N . 

(ii) For a.e. x € Q, the map 6(x, .) : M — > R N is maximal monotone. 

(Hi) There exist non-negative constants ra\,mi^c\ and ci such that for every £ £ R N and n € B(£)j 

^max/^lfl'-mi^H'-ma}, (13) 
holds, where (.,.) R w is i/ie inner product in M. N . 
The following is the main application of the results in this paper. 

Theorem 1.2 Let be a domain in R N , q,p > 1 wit/i ^ + ^ = 1> assume it* — > u* strongly in W~ 1,q (VL) . 

Let u n (resp., r n ) be (weak) solutions in W ,p (Cl) (resp., momenta in L q (Q;R N )) for the Dirichlet boundary 
value problems 0), where fi : Q. x R N -> R N belongs to Mq iP (R n ). 

is Q-periodic for an open non- degenerate parallelogram Q in R n then, up to a subsequence 

u n — > u weakly in W ' p (Cl), 

Tn — y t weakly in L q (VL;R N ), 
where u is a solution and r is a momentum of the homogenized problem 

t(x) £ Bhom(Vu(x)) a.e. x € Q, 

-div(r(x)) = u*(x) a.e. x € Q, (14) 
u e W 1,p (O). 

i/ere Bj, om = dLh om> with Lhom being a selfdual Lagrangian on R N x R N defined by 

L hom (a,b) := min — / L(x, a + Dip(x), b + g(x)) dx, (15) 

9 eL|(Q;K N ) 

where for each x £ f2, L(x, •, •) is a selfdual Lagrangian on R N x R w smc/i t/iai 

B(x, •) = 9L(x, •)• (16) 

The above theorem will be a byproduct of several results which have their own interest. In section 2, 
we consider various topologies on the class of selfdual Lagrangians that are relevant for homogenization. 
It turns out that the standard concept of F-convergence is equivalent to the stronger notion of Mosco- 
convergence in the context of selfdual Lagrangians. This has a direct implication on the corresponding 
maximal monotone operators. We also extend to selfdual Lagrangians one of the most attractive properties 
of the Mosco convergence of convex functions, which is that it implies the convergence of the graphs of their 
corresponding subdifferentials in the topology of Kuratowski-Painleve on sets. We shall show in section 
2 that similarly, the map L — > dL is continuous when we equip the class of selfdual Lagrangians with the 
topology of F-convergence and the class of maximal monotone operators with the topology of G-convergence. 
In section 3, we start by extending Theorem 11.11 above by establishing a correspondence between state- 
dependent measurable maximal monotone operators in Mq <p (M. ) and the following class of ^-dependent 
selfdual Lagrangian on Q x x R N . 
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Definition 1.2 An (Q,p) -dependent selfdual Lagrangian on x R N x R N is a measurable function L : 
0, x R N x R w -)• R such that 

1. For any x € fi, the map (a, 6) — >■ L(x, a, 6) is a selfdual Lagrangian on R N x R w . 

2. There exist non-negative constants Co and Ci and noj^i S L 1 (f2) such that 

C (|a| p + |6| 9 -n (^)) <i(a!,a,6) < Ci(|a|*' + |6|«+m(ar)) for all a, 6 e R N . (17) 

As in Theorem II. 11 any map 6 : fi x — > R^ in Mq, p (R n ) can be seen as a potential of an ^-dependent 

selfdual Lagrangian L : fl x R w x R w — > R, that is dL(x, a) = 8(x, a) for almost all x e SI. 

We then proceed to use the above representation of 6 to give a variational resolution for the problem 

/ € Q(x, Vu(x)) a.e. cc G Q, 

-div(/)=u*, (18) 

by "lifting" the corresponding fi-dcpcndcnt selfdual Lagrangian L on f2 x R^ x R N to a selfdual La grangian 
on the function space via the formula: 

F(u, u*) := inf{ f L(x, Vtt(ar), /(a)) dx; / G L 9 (tt; 1*), -div(/) = u*}. (19) 
Jn 

A solution can then be obtained by simply minimizing for a given u* £ W^ 1 ' 11 ^) the non-negative functional 
I(u)= inf / [L(x, Vu(x),f(x)) - (u(x),u*(x)) r n] dx, 

— div(/)=«* 

on W 1,p (ri). We end the section by showing that if dL(x 7 .) — &(x, .), then 

fifiom = dLhom, (20) 

where 6^ om is defined in ([8]) and L^ om is as in (|T5|) . 

We start section 4 by a homogenization result via F-convergence for general Q-periodic Lagrangians which 
are not necessarily selfdual. This is then applied to obtain the result claimed in Theorem 11.21 above in the 
case of selfdual Lagrangians. The last section is an appendix meant for auxiliary results that are needed 
throughout the paper. 

2 Preliminaries on selfdual Lagrangians 

We first recall the needed notions and results from the theory of selfdual Lagrangians developed in the book 
[T5] , We shall also establish new ones, in particular those regarding the convergence properties in suitable 
topologies of selfdual Lagrangians and their associated maximal monotone vector fields. X will denote a real 
reflexive Banach space and X* its dual. 

2.1 A variational principle for selfdual Lagrangians 

As mentioned in the introduction, maximal monotone operators fi can be written as 6 = dL, where L is a 
selfdual Lagrangian on X x X*, in such a way that solving the equation 

u* G fl(ti), (21) 

amounts to minimizing the non-negative functional I(u) := L(u, u*) — (u, u*). The following existence result 
is essential for the sequel. It gives sufficient conditions for the infimum of selfdual Lagrangians to be attained, 
and -as importantly- to be zero. 
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Theorem 2.1 Let L be a selfdual Lagrangian on a reflexive Banach space X x X* , let u* £ X* be such that 
(0,u*) € Dom(L), and consider the functional I(u) := L(u,u*) — (u,u*). Then 

MI(u) = 0, (22) 

and in particular, if the functional I is coercive on X , then there exists ii£l such that 

I(u) = min I(u) = and u* € dL(u). (23) 

u£X 

Note that since L u ,(u,v*) :— L(u,u* + v*) — (u,u*) is a selfdual Lagrangian whenever L is, it suffices to 
assume that u* — 0. The above theorem is then a consequence of the following result originally established 
in [TB] (see also [TB]) under a slightly stronger coercivity condition. 

Theorem 2.2 Let L be a selfdual functional on a reflexive Banach space X x X* such that for some uq £ X , 
the functional v* — » L(u$,v*) is bounded above on a neighborhood of the origin in X* . Then there exists 
u £ X such that I{u) = min/(w) = 0. 

Proof of Theorem 12.11 Since L is a selfdual Lagrangian on X x X*, so is its A-regularization, 
L x {u,u*) = M{L(v,v*) + ±.\\u- v\\ 2 + ^\\v\\ 2 + ±\\u* - v*\\ 2 + ^||«*|| 2 ; v € X, v* e X*}, 

for each A > 0, by virtue of Lemma 3.2 in Chapter 2 of [18]. Note that the Lagrangian L\ satisfies the 
boundedness condition of Theorem 12.21 It then follows that min„ e x L\(u, 0) = 0. On the other hand, 
because of the properties of Yoshida regularization for convex functions, for each (u, u*) £ Dom(L) we have 
liminf L\(u, it*) = L(u,u*). It follows that 

inf Liu, 0) = inf liminf L\(u, 0) = liminf inf L\(u, 0) = 0. 

u£X uGX A^0 A-s-0 ueX 

Therefore inf„ e jf I(u) = 0. Now if / is coercive then the minimum is attained for some u € X, i.e., 
L(u) = L(u, 0) = and consequently u is a solution of £ dL(u). □ 

2.2 Mosco and T-convergence of selfdual functionals 

We first recall the main definitions and statements in the theory of variational convergence for functionals, 
as well as the graph convergence for possibly multi-valued operators. A complete study relating the various 
modes of convergence of convex functions and their subdifferentials can be found in |10j . 

Definition 2.1 Let F n and F be functionals on a reflexive Banach space X . The sequence {F n } is said to 
T-converge (resp., Mosco-converge,) to F, if the following two conditions are satisfied: 

1. For any sequence {u n } C X such that u n — > u strongly (resp., u n — u weakly) in X to some u £ X, 
one has 

F(u) < liminf F n (u n ). 

n— t-oo 

2. For any u £ X , there exists a sequence {u n } C X such that u n — > u strongly in X and 

lim F n {u n ) = F{u). 

n— too 

The following is a fundamental property of Mosco-convergence. 

Lemma 2.1 Let F n , F be a proper convex lower semi- continuous functionals, then {F n } Mosco-converge to 
F if and only their Fenchel-Legendre duals {F*} Mosco-converge to F* . 

In the following we note that this property implies the agreable fact that Mosco and T-convergence are 
actually equivalent for a sequence of selfdual Lagrangians {L n }, as long as the limiting Lagrangian L is itself 
selfdual. 
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Theorem 2.3 Let {L n } be a family of selfdual Lagrangians on X x X* , where X is a reflexive Banach 
space, and let L be a Lagrangian on X x X* . The following statements are then equivalent: 

1. {L n } Mosco -converges to L. 

2. L is selfdual and {L n } T-converges to F. 

3. L is selfdual and for any (u,u*) G X x X* , there exists a sequence (u„, u*) converging strongly to 
(u, u*) in X x X* such that 

limsup£ n (it n , u* n ) < L(u,u*). 

n 

Proof. For (1) — > (2) we just need to prove that L is selfdual since Mosco convergence clearly implies 
T-convergence. Since L is the Mosco limit of L n , it follows from Lemma I2TT1 that L* is a Mosco limit of L* . 
Denoting 

L^(u*,u) := L n (u,u*) and L T (u*,u) := L(u,u*), 

it follows that L T is a Mosco-limit of L„ on X* x X. On the other hand, by selfduality of L n we have 
that Ljj = L* from which we obtain that L T = lim„ = lim„ L* — L*, and therefore L T = L*, and L is 
therefore selfdual. 

(2)— >(3) follows from the definition of T- convergence. 

For (3)— s-(l) we let (u*,u) e X*xX and consider a sequence {(it*, u n )} C X*xX such that (u* , u n ) {u*,u) 
weakly in X* x X. By the definition of Fenchel-Legendre duality we have 

liminf L* («*, u„) = liminf sup {(u n , w*) + («, - L n (v, v*)}. (24) 

Consider now an arbitrary pair (w, u*) and let {(it n ,{t*)} be the recovery sequence given in item (3). It 
follows from ((24]) that 

liminf L n (u n , u* n ) > liminf \ {u n ,u*) + («„,m*) - L n (u n ,u* n ) ) = (u,u*) + (u,u*) - L(u,u*). 

n n \ / 

Since (u,u*) is arbitrary, taking the supremum over all (u, u*) yields 

liminf L* n (u* n , u n ) > L*(u*,u). 

n 

Since both L n and L are selfdual, this implies that 

liminf L n (u n , u*) > L(u,u*), 

n 

and therefore that L is a Mosco-limit of L n . □ 

Remark 2.1 Note that while the Mosco convergence of selfdual Lagrangians automatically implies that the 
limiting Lagrangian L is itself selfdual, this fails for I '-convergence as shown in the following example. 

Let H be an infinite dimensional Hilbert space. Consider a set {e ra } with ||e„|| = 1 and e n (For example, 
the orthonormal basis of the space). Define 

L n (u,u*) := i||u - e„|| 2 + ^\\u*\\ 2 + (u*,e n ), 

in such a way that L n is selfdual. It can be checked directly that for any (u„,u*) — » (u,u*) in H x H we 
have lim ra L n (u n , u* ) = L(u,u*), where 

L(u,«*) :=I|| M || 2 + I|| u *|| 2 + i 

This means that L is a T-limit of i„. On the other hand, it is easily seen that L is not selfdual and therefore 
we do not have Mosco convergence. 
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2.3 Continuity of L — > dL for the T-convergence of selfdual Lagrangians 

One of the most attractive properties of Mosco convergence is the fact that for convex functions it implies the 
graph convergence (or Kuratowski-Painleve convergence) of their corresponding subdifferentials [2J Theorem 
4.2]. We shall extend this result to selfdual Lagrangians by showing that their Mosco (or F-convergence) 
also yield the graph convergence of their derived vector fields (i.e., their corresponding maximal monotone 
operators). 

Considering a sequence of sets {^4n} in X, the corresponding sequential lower and upper limit sets are 
respectively given by 

Lix(A n ) = {u G X : 3u n -> u, u n e A n }, 

and 

Lsx(A n ) = {u e X : 3k(n) -> oo, 3u n (fe) -> u, u n ( fe ) G A k }. 

In other words, Li(An) corresponds to the collection of all limit points of the sequence {A n } and Ls(j4 n ) is 
the collection of all cluster points of the sequence {A„}. We clearly have Lix(A n ) C Lsx(A n ). 

Definition 2.2 A sequence of subsets {A n } of X is said to converge to A C X, in the sense of Kuratowski- 
Painleve, if Ls x (A n ) =A = Li x (A n ). 

This definition, when X is replaced by the phase space X x X* and when the subsets A n are graphs of maps 
from X to X*, is also refered to as grep/i-convergence (see Definition 3.5 on [5]). 

Recall that for a selfdual Lagrangian Fonlx X* , its associated vector field at u € X is denoted by dF(u) 
and given by dF(u) = {u* e X*;F(u, u*) = (u, u*)}. We shall therefore also denote by dF the graph of dF 
in X x X* , i.e., 

(u, u*) g dF if and only if u* e dF(u). 
The following is the main result of this section. 

Theorem 2.4 Let X be a reflexive Banach space and suppose {F n } is a family of selfdual Lagrangians on 
X x X*. If F : X x X* — > M U {+00} is a selfdual Lagrangian that is a T-limit of {F n }, then the graph of 
dF n converge to the graph of dF in the sense of Kuratowski-Painleve. 

For the proof, we shall make use of the following theorem that can be seen as the counterpart of the 
Br0ndsted-Rockafellar result for convex functions [23 . 

Lemma 2.2 Let L : X x X* — > K U {+00} be a selfdual Lagrangian and assume that for a pair (uq,Uq) € 
X x X* , we have L{uq,Uq) — (uo,Uq) < e. Then, there exists a pair (u £ ,tt*) £ dL such that 

1. \\u e - Uq\\ < y/e, 

2. ||< - u5||» < y/e, 

3. \L(u e ,u* e )- L(u Q ,u* )\ <2e + V^(||uo|| + KI|.)- 

Proof: First assume that M is a selfdual Lagrangian such that M(0, 0) < e. We claim that there exists 
then a pair (v e ,v*) € dM such that 

!• he\\ < y/i, 
2- K||. < y/i, 
3. \M(v £ ,v*)\<e. 

Indeed, denote by J the duality mapping from X to X* and use the fact that dM is a maximal monotone 
operator to find u £ X such that 

-Ju G dM{u). 

It follows that M(m, — Ju) = (u, — Ju) = — \\u\\ 2 . Now, since M is selfdual, we have 

M(0,0) = M*(0,0) = sup -M(m,u*) > -M{u,-Ju) = ||w|| 2 , 
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from which we obtain that ||u|| 2 < s. Since ||u|| = ||JG||*, it suffices to set v £ :— u and v* := Ju, to obtain 
that ||« e || = ||«*||, < Veand \M(v £ ,v*)\ = \\v e \\ 2 < e. 
To complete the proof of Theorem 12.21 we set 

M(u, u*) := L(u + uo, u* + Uq) — (it, Uq) — (u , u*) — (u , Ug), 

which is a selfdual Lagrangian on X x X* . The hypothesis yields that 

M (0, 0) = L(u , u* ) - (u„, u*) < e. 

It then follows from the above that there exists a pair (v E ,v*) £ dM such that ||« e || < s/e, < \fe 

and \M(v £ ,v*)\ < e. Setting u £ :— v e + Uq and u* := v* + Uq, and since M(v e ,v*) — (v e ,v*), we have 

L{u e ,u*) — (u e ,u*) 7 and therefore (u e ,u*) £ dL. Note also that ||u e — uo]| < %/£ and — Uq\\* < \/e. 
Finally, we have 

L(u e ,u* e ) - L(u ,u*) = M(v e ,v*) + (v £ ,u* ) + (u ,v*) - M(0,0), 
which together with \M(v s ,v*)\ < e, yields that 

|L(u e ,«*) - L(uo,«S)l < 2e + V^(\\u \\ + \K\\). 

□ 

Proof of Theorem 12.41 Fix (u,u*) £ dF. There exists then in view of the T- convergence, a sequence 
(u n , u* n ) converging strongly to (u, u*) in X x X* such that F n (u n , u* n ) — > F[u, u*). We then have F(u, u*) = 
(u,u*) = lim„(u„,u*), and therefore if we define e n := f n (u n ,!i*) — (w„,h*), we obtain that lim„ e n = 0. 
Hence, by Lemma 12. 21 we have the existence of a pair (u n ,u^) £ dF n such that \\u n — u n \\ < y / e^T and 
\\ u *n — "nil* < \/^n- Clearly u n —> u and u* n -> u* as e„ -> 0. This shows that C Li(dF n ). 
To complete the proof, we just need to show that Ls(dF n ) C <9F. Letting (v,v*) £ Ls(dF n ), there exists 
some sequence (v nk ,v* lk ) £ dF„ k such that (^ n (fe), u n(fc)) ( w > w *)< Now take an arbitrary (u,u*) £ dF. 
From what we have shown, there exists a sequence (u n , u* n ) £ dF n such that (u n , u* ) — > (u, u*). For each k 
we have (u n ^ — v n ^ , u* n ^ — u^^O > 0, and as fc — > oo we get (u — v, u* — v*) > 0. The above holds for all 

(u, u*) £ dF and so by the maximality of dF we obtain that (v, v*) £ dF, which completes the proof. □ 

3 A selfdual variational approach to existence theory 

In this section, we first establish a correspondence between maximal monotone maps in Ma iP (R JV ) and a 
class of ^-dependent selfdual Lagrangians. We then proceed to give a variational formulation and resolution 
to equation ([1]) even in the case where the maximal monotone operator /3 is nor derived from the potential 
of a convex function. 

3.1 Selfdual Lagrangians associated to maximal monotone operators 

Definition 3.1 Let be a domain in Mr. 

(i) A function L : Q x R N x ->1U {+00} is said to be an fl- dependent Lagrangian on Q x R N x R N , 
if it is measurable with respect to the cr-field generated by the products of Lebesgue sets in and Borel sets 
in R N x R N . 

(ii) Such a Lagrangian L is said to be selfdual on ft x M. N x M. N if for any x £ fi, the map L x : (a, b) — > 
L(x, a, b) is a selfdual Lagrangian on Mr x M , i.e., if L*(x, b, a) — L(x, a, b) for all a, b £ M. N where 

L*(x,b,a) =sup{(b,£) ffiJ v + (a,r,) RN - L{x,^rf) : (^, r/) £ R N x M N }. 

The following was proved in 17! for a single maximal monotone operator. 

Proposition 3.1 If & £ Mq p (M N ) for some p > 1, then there exists an ^l-dependent selfdual Lagrangian 
L : Q, x R N x R N -> M such that fi(x, .) = dL(x, .) for a.e. x £ Q and 

C (\a\ p + \b\ q - n (x)) < L(x, a, b) < d(\a\ p + \b\ q + m(x)) for all a, b £ M N . (25) 
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where Cq and C\ are two positive constants and no,7ii £ L 1 (f2). 

Conversely, if L : CI x R N x R N -> K is an Cl-dependent selfdual Lagrangian satisfying \25\) , then dL(x, .) G 
Ma p (R ;V ). 

Proof. Let AT : CI x i w x R N -> tU {+00} be the Fitzpatrick function [T3] associated to 6, i.e., 

A/"(x, a, b) := sup{(o, 0r« + (a - £, n) K iv ; 77 e fi(x, £)}. 

Note that measurability assumptions on 6 ensures that N is a normal integrand. Also, by the properties of 
the Fitzpatrick function [18] , it follows that 

N*(x, 6, a) > N(x, a, b) > (a, b) RN for a.e. x £ CI and for all a, b £ R N . 

Moreover, 

r/£&{x,£) if and only if N* (x, 77, £) = N(x,£,r}) = (77, £)r« a.e. x G ft. (26) 
Define L : CI x R N x R N -> E by 

L(x,a,b) = inf {^iV(x,ai,6i) + ^AT*(x, 6 2 , a 2 ) + ^-|ai - a 2 | p + - 6 2 | 9 ; (0,6) = ^(ai,&i) + ^(a 2 ,o 2 )}. 

We shall show that L is ft-dependent selfdual Lagrangian such that 

N*(x,b,a) > L(x,a,b) > N(x,a,b) for a.e. x £ Cl and for all a,b £ R N . (27) 
Fix a,b £ R N . We have 

L*(x,b,a) = sup {(£,o) K « + (a,v7) R jv - L(x,£,r})} 



sup 



{(£i&)h* + (a,r]) M N - -A^x, £1,771) - ^*(x,^2,f?2) 

—Id -&l p - ~V2\ q ; (t,v) = + \{i2,m)} 

= \ sup {(Cl +^2,b)^N + (0, ?7i + v72) b jv - N(x,€x,r]i) - AT* (a, £2,772) 
2 6 ,£2,171 ,172 eR" 1 

Using the fact that the Fenchel dual of some of two functions is their inf-convolution, we obtain 

L*(x,6,a) = - inf \N*(x,bi,ai) + N(x,2a-ai,2b-bi) + 16 - 0J 9 + — — la - aA p \. 

2 ai,6ieR N I. q 2p J 

Setting a 2 = 2a - a\ and b 2 = 2b - 61 we have a = ai + a2 and b = bl + b2 . It then follows that 
L*(x,b,a) = - inf {aT^x, 61, ax) + N(x, a 2 , 62) 

2 ai^i,a 2 ,6 2 GK JV ^ 

(a,6) = i(a 1 ,6 1 ) + i(a 2 ,6 2 )} 



2"- 1 t h - b 2 w 2P-\ ai -a 2l 



q 1 2 1 2p 



: {ijV^fii.oO + ^V(x,a 2 ,& 2 ) + ^-|b a - 6 2 | 9 + - a 2 |P; 

(a, 6) = ^(a ll b 1 ) + -(a 2 ,6 2 )} 



= L(x,a,b). 

Thus, L is a ft-dependent selfdual Lagrangian. Inequalities (f2"Tf simply follow from the definition and 
selfduality of L. We shall now prove that L satisfies the estimate (|25|) . Note first that for all 77 £ fi(x,£) we 
have 

-|CI P + ~\V\ P <m 1 +m 2 + (ci + c 2 )(^,77) R «. 
P g 
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It follows from the definition of the Fitzpatrick function N that 
N(x,a,b) = sup{(&,£) a w + (a- £,r)) R N;r) € fi(x,f)} 

< sup + (a,vh- - , \ M p ? \ M q ~ mi + m2 ;v& 8(»,0} 

L p(ci + c 2 ) g(ci+c 2 ) ci + c 2 J 

< sup {<6, a** + <o, ? j d er- 7 j > r- mi t W2 } 

t„ c »jv I p(ci+c 2 ) g(ci + c 2 ) Cl + c 2 J 



p 2 1 ci + c 2 

Let ?7o(x) € fi(x,0). By assumption |?7o0e)| 9 < Ti2 + (0, 770(2;)) = m 2 for a.e. x € f2, from which we get 
770 S L 9 (fi). It also follows from (PZ51) that N*(x, T)o(x), 0) = for a.e. x € £1 From the definition of L and 
(|58| . we get that 

1 1 2 q 2 P 

L(x,a 7 b) < -N(x,2a~ m (x),2b) + -N*(x,r ] o(x) 7 0) + -\b\<i + —\a- m (x)\P 

< C 1 (\a\ p + \b\ q + ni (x)) a.e. x E Q, 

where C\ is a positive constant and ni G L 1 (fi). The reverse inequality follows from the selfduality of L. 

Conversely, let L be a Sl-dependent selfdual Lagrangian satisfying ([25]) . If 77 € <9L(x,£) then 

(^r ? }=L(x,^7 ? )>Co(|e| p + H <? -n (x)), 
from which we conclude that <9L(x, .) € Mn, p (R iV '). □ 

3.2 Self-dual Lagrangians on W%*(Q) x iy l g (fi) 

We now show how one can "lift" an O-dependent selfdual Lagrangian to a selfdual Lagrangian on the phase 
space Wq' p {VL) x W~ 1,q {Vt). This will allow us to give a variational formulation and resolution -via Theorem 
12.11 - of equations involving maximal monotone operators in divergence form. The following extends a result 

Theorem 3.1 Let 6 g Mo )P (R iV ) for some p > 1, then for every u* £ W -1,9 (fi) with | + A = 1, there exist 
u e Wq' p (Q) and /(x) E L q (n;R N ) such that 

f E fi(x, Vu(x)) a.e. x £ fi ,„ q . 
-div(/) = u*. { ' 

It is obtained by minimizing the functional 

I(u) := inf / [L(x, Vm(x),/(x)) - (u(x),u* (x)) r n] dx 

-div(/)=u* 

on T4 Al,p (J7) ; where L is an fl- dependent selfdual Lagrangian on £1 x x R^ associated to fi in such a way 
that dL(x, ■) — fi(x, •) for a.e x £ O. 

The above theorem will follow from the representation of a maximal monotone map in Mq p (R jv ) by an 
^-dependent selfdual Lagrangian on f2 x M. N x (Proposition [JO) combined with the following two propo- 
sitions. 

Proposition 3.2 Suppose L is an Q,-dependent selfdual Lagrangian on f2 x x M. N such that L(-,0,0) £ 
L 1 (J7), then the Lagrangian defined on Wq' p {VL) x W~~ 1,q (fl) by 

F(u,u*) :=inf{ / i(x, Vu(x), /(x)) dx; / £ R w ), -div(/) = u*}, (30) 

is selfdual. 
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Proof: Denote Wq ,p (Q.) by X and its dual by X*. For a fixed (u*,u) eX* x X, we have 

F*(<u*,u) = sup{ (u,v*) + {u*,v) -F(u,u*); u £ X, u* £ X*} 

= sup < {u, v*) + {u*,v) — / L(x, Vm(x), /(x)) dx 

f€L q (fl-M N ) I Jto 
-div(/)=u* 

= su P {( U , w*> - (div(/), v) - [ L(x, Vu(s), /(x)) d i; «6l,/G L«(fi; I*)} 

= sup{{u,v*) + {f,Vv)- I L(x, Vu(x), /(x)) dx;u G XJ G L q (il;R N )}. 

Jn 

Now set E := {g G LP(Cl;R N ); g = Vu, u e X} and let xb be the indicator function in L P (Q;R N ), e.g. 



XE(g) 

An easy computation shows that 



g G E, 

+00 elsewhere. 



div(/) = 0, 
+00 elsewhere. 



xUf) 

Fix f e L q (Q;R N ) with -div(/ ) = v*. It follows that 

F*(v*,v) = S up{(g,f ) + (f,Vv)- [ L(x,g(x)J(x))dx-XE(g);geLP(n;R N )J e L q (il;R N )} 



n 



= inf{/ L*(xJ - /,W)dx + xUfYJ e Li(n;R N )}. 
Jn 

Note that we have used the fact that ( L(x, ., .) dx) (5,/) = Jn L*(x, f(x),g(x)) dx that holds since 
£(.,0,0) G L 1 ^). We finally get 

F») = inf{/L*(x,/ o -/,V«)dx;/G^(r!;M Ar ),div(/)=0} 
Jn 

= inf{ / L(x, Vu, /o - /) dx; / G L«(n ; div(/) = 0} 
Jn 

= inf{/ L(x,Wv,f)dx;f eL q (n ; R N ),-div(f)=v*} 
Jn 

= F(u,u*). 



Here is our variational resolution for equation (|29|) . 



□ 

Proposition 3.3 Suppose L is Q-dependent selfdual Lagrangian on f2 xl^xl" Assume the following 
coercivity condition: 

L(x, a, b) > m(x) + C(\a\ p + \b\ q ) for all a, b G R w , (31) 
where m G L (fi) and C is a positive constant. Then for every u* G W^ 1,q (il) the functional 

I(u)= inf / [L(x, Vu(x),/(x)) - (u(x) , u* (x)) m n] dx 

-div(/)=u* 

attains its minimum at some u G Wq' p {&) such that I(u) — 0, and there exists / G L q (Q;R N ) such that 

f(x) G dL(x, Vw(x)) a.e. ie!l 
-div(/)=u*. 
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Proof. Take /o € i 9 (i7;R Ar ) with — div(/o(x)) = u*(x). Since L is an il-dependent selfdual Lagrangian, 
M(x, a, b) := L(x, a,b + fo(x)) — (a, fo(x)) is also an f2-dependent selfdual Lagrangian on ft x M. N x R^. It 
follows from the above proposition that 

F(v,v*):= inf [ M(x,Vv(x)J(x)) dx 

f£L q {Q;R N ) Ja 
— div(/)=u* 

is a selfdual Lagrangian on view of the coercivity condition, Theorem 12.11 applies 

and there exists u £ Wj' p (fi) such that 

F(u,0)= inf / Mix, Vu(x),f(x)) dx = 0. 
feL*(n ; ni N )Jn 

-div(/)=0 

Using again the coercivity condition, we get that the above infimum is attained at some f\ € L 9 (51;K JV ) 
with div(/i) = 0. Thus, 

= F(u,0) = / M(x,Vu(x),fi(x))dx 

= f [L(x,V«(a!),/i(a:)+/o(a:))-<Vfi(x) J /o(aj))» W ]da; 
Jo 

= / [L(a:,Vti(x),/ 1 (a;)+/o(a;))-<Vu(a!),/i(a:) + /o(a;)) H *r]da;. 
Jo 

Taking into consideration that L(x, Vm(x), /i(x) + /o(x)) — (Vfi(i),/i(i) + /o(x))rjv > 0, we obtain that 
the latter is indeed zero, i.e., 

L(x, Vit(x),/i(x) + /o(x)) - (Vu(x),/i(x) + /o(x)) E w = for a.e. ie!l. 

Setting /:=/! + / , we finally get that /(x) € dL(x, Vu(i)) for a.e. ieO and that — div(/) = u* . □ 

3.3 Variational formula for the homogenized maximal monotone vector field 

Given a maximal monotone family fi in Mq >p (WL n ) that is Q-periodic for an open non-degenerate parallelo- 
gram Q in R™, its homogenization fi/ lom is normally given by the non- variational formula (|SJ|. In this section, 
we shall give a variational formulation for the vector field % wm in terms of a suitably homogenized selfdual 
Lagrangian Lhom derived from the il-dependent selfdual Lagrangian associated to fi. 

Theorem 3.2 Assume fi € Mq. p (R n ) is Q-periodic and let L be an Vl-dependent selfdual Lagrangian such 
that fi(x, .) = dL(x, .) given by Proposition \3.1[ If the operator &hom is given by $Jj), then Shorn — dLh om 
where Lhom is the selfdual Lagrangian on x R w given by 

Lh om (£,,v) = mm t— / L(x,€ + V<p(x),r) + g(x))dx. (32) 
■pew^(Q) \Q\ Jq 

g€Ll(Q;R N ) 

The proof will follow from the following propositions. First, we show that the homogenized Lagrangian Lhom 
inherits many of the properties of the original il-dependent Lagrangian L such as convexity, boundedness 
and coercivity. 

Proposition 3.4 Assume L is an f2- dependent Lagrangian on fl x R N x M. N satisfying i25\) for some p. q > 1. 
Then Lhom is convex and lower semi continuous, and for every a*,b* € M n , 

L*hom(a*,b*)= inf, / L* (x, a* + g(x), b* + V^(x)) dx, (33) 

»>e^' (Q) M J Q 

where - + — 1 and - + -4 = 1. Furthermore, 

V P' 9 9' ' 

Co{\a\ p + \b\i - 1) <L hom (a,b) < C^l + \a\ p + \b\i) for all a,b € K" . (34) 
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The following gives the relation between the subdiffcrentials of Lh om and of L. 
Proposition 3.5 For each a, b € R n , the subdifferential map 9L/ tom (a, b) is given by 

dL hom (a, b) = J dL(y,a + V(p(y), b + g(y)) dy, 
where tp € W^ P (Q) and g £ L%.(Q;M. N ) are such that 

L hom (a, b) = i J L(y, a + V$(y),b + g(y)) dy. 

We need a few preliminary facts. For each 1 < r < oo, set 

E r := {/ = Vne L r (Q;R N ); for some u € W^ r {Q)} 

and 

E r + M n := {/ + 7] : / E E r , n e M™}. 

The Poincare-Wirtenger inequality which states that for D bounded open and convex, there exists K := 
K(r, D) > such that 

W u - jb] Id u Lr m < K\\Vu\\ w i, r(D) for every u e W X ^{D), 
implies that E r + R n is a convex weakly closed subset of L r (Q; M. ). The indicator function of E r + R n , 

feE r + w\ 



-oo f e L r (Q; l w ) \ (E r + K ra ), 



is therefore convex and lower semi-continuous in L r (Q;R N ). Assuming that r' is the conjugate of r, i.e., 
i + i = 1, define 

r r 1 

E^ := {g e L r '(Q;R N ); f (f(x), g(x)) RN dx = for all / e E r + R"}. 
The Fenchel-Legendre dual \*e +r™ °f X-E r +R™ is then given by, 

X£ r +R"(.g) = sup j / {f(x),g{x)) R s dx - Xij+R«(/)} 

= sup / (f(x),g(x)) M N dx = Xe x ,(j9)> 
feE r +R™ Jq 

for all j€L r (Q; K w ). Also due to the convexity and lower semi-continuity of \E r +M n one has x* E ± = X-E r +R™ ■ 
Similarly one can deduce that, 

= XEr(f) 

for all / € L r (Q;R N ). Note also that E r is the isometric image of W^ r (Q) by V and Ejr = L r # (Q;R N ). 
Proof of Proposition [331 We first prove (J33j). Fix (a*, 6*) e R n x R" and write 

L hom( a *i b *) = sup {(a,a*) R « + (b,b*) R N - L hom (a,b)} 

(a,6)eR"xR™ 

= sup [ \(a,a*) W N + (b,b*) K N - L(x,a + \7(f(x),b + g(x))} dx 

(a,fc)6l"xl" \W\ JQ 

(<P,g)eWl- p (Q)xLl(Q;R N ) 

1 

sup - 

(a,b)SR"xR™ |W 
(f,g)eE p xE± 



(a, a*) R N + (b, 6*) r n - a + V<p(x), b + g{x)) 
(a, a*) R N + (b, b*) R N - L(x, a + f(x), b + g(x)) 



dx. 
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Setting A(x) = a + f(x), B(x) = b + g(x) and substituting above we have 

da; 



L h om ( a *, b *) = SU P T7h / + (B 7 b*) RN - L(x,A(x),B(x)) 



A£E p +WL n IQI 



SUP {t^| 

BeL 9 (n;R") 



(A, a*) RN + (B, b*) RN - L(x, A(x),B(x)) 



dx 



-Xe p +r™(A) - xbj-+ R "(-B)|. 
Now using the fact that the Fenchel dual of a sum is their inf-convolution, we obtain 

L hom( a *, b *) = i, ni {77:1 / L* (x, a* - g(x), b* - f(x)) dx + x E ± ,(flO + Xe., (/)} 

f&L" (Q;R») IW| „' 
9 eL"'(Q;R") 

= , in l iAi / ^(^o* - f( x )) dx 

= inf — / L*(x,a* + g(x),b* + V(fi(x)) dx. 

9£L^(Q;VL N ) 

This proves (|33|). which then implies that L£* m = L^om and therefore Lhom is convex and lower semi- 
continuous. 

We now prove estimate In fact, the upper bound simply follows from 

L hom (a, b)<^- [ L(x, a, b) dx < d(\a\ p + \b\" + 1). 



IQI 

For the lower bound, note first that since Co(|a| p + \b\ q — 1) < L(x,a,b) for all a, b g l w , it follows that 
L*(a; ; a, b) < 'J \af + ~ } } H g ' + Co for all 



On then get from (|33f that 

L* hom (a,b) < [ L*(x, a, b) dx < °^ ~ } ] \af + ^ ~ } ] \b\«' + C for all a,6eK w , 
IQI (C p) p (C g) 9 

from which we get that L hom (a, b) = L* h * om (a, b) > C (\a\ p + \b\ q - 1) for all a, be R N . □ 

Proof of Proposition [3751 Setting A(a, b) := t^t Jq dL(y, a + V<p(y), b + g(y)) dy, we shall first show that 

A C 9£ ftoro - For that consider (ai, b x ) € K w x l w , 93 e W^ P (Q) and 3 € £|(Q; M w ). From the convexity of 
L: 

L(y,a 1 + V<p(y),b 1 +g(y)) > L(y,a + V<p(y),b + g(y)) 

+{d 1 L(y,a + Wifi(y),b + g(y)),a 1 +Vip{y) - a - V0(y)) R Jv 
+{d 2 L(y,a + V<p(y),b + g(y)),bi+g(y) -b-g(y)) K N. 



Averaging the above on Q implies that 

L(y,a x + V<p{y),b 1 + g(y)) dy > L hom (a,b) + (A(a,b), (a x - a, b x - b)) R N xR n , 



1 

IQI 
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from which we get 

Lhom(ai,bi) > L hom (a, b) + (A(a, b), (ai - a, bi - 6)) r « xR n. 

This implies that A C dLh om - To prove the reverse inclusion, let (<i, c) be in dLh om (a,b). Since Lf,. om is 
convex and lower semi-continuous, we have 



It follows from Proposition 13.41 that there exist ip G Wb q (Q) and g G L^.(Q;M W ) such that 



L hom (a, b) + L* horn (d, c) = (a, d) R « + (b, c), 
L* hom (a*,b*) = J^J q L *( x > a * + 9{x),b* + V<p(x)) dx, 

and therefore 

i y L(y,a + S7if{y),b + g(y)) d V + J L* (x,d + g(x),c + S7<p(x)) dx = (a,d) R « + (6,c) r n. 
On the other hand, 

(M)k* + (b,c) R N = y (a + Vif(y),d + g(y)) M N + J (b + g(y),c + Vip(y)) R N dy, 
which together with the previous equality yield 

[L(y, a+Vg>{y), b+g(y))+L* (y, d+g(y), c+Vip(y))-{a+Vip{y),d+g{y)) M N-{b+g(y), c+V^(y)) R «] dy = 0. 



Taking into account that the integrand is non-negative we obtain 

L(y,a + V<p(y),b+g(y))+L*(y,d+g(y),c+V<p(y))-{a+^ =0 
for almost all y G Q. This implies that 

(d + g(y), c + Vip{y)) G dL(y, a + V<%), 6 + ,g(y)) a.e. y G Q. 
Integrating the above over Q implies that 

(d,c)G— , / dL(y,a + W^(y),b + g(y)), 



\Q\ 

which completes the proof. □ 

Proof of Theorem 13.21 Let 77 G dL^omiO m such a way that L^omi^Tl) = (£, v)r n ■ From the definition of 
Lhom, we have 

L h om(€,v) = min 77TT / M^' £ + V^(x), 77 + #(x)) dx. 
vew^(Q) \Q\ Jq 

geLl(Q-M N ) 

From the coercivity assumptions on L, it follows that there exist ip G W^ P (Q) and g G L^(Q; 1H N ) such that 

1 

W\ 



Lhom{^,r]) = — I L(x,£ + D<p(x),ri + g(x))dx. 



Hence 



= L hom {^,ri) - (£,r)) 
1 



\Q\ 
1 

W\ 



L(x,£+ Vip(x), ij + g[x)) dx - (£, r)) M N 
[L(x, £ + V^(x), 77 + g(x)) - (£, + V(^(x), 77 + g(x)) R «] dx, 



1G 



and since the integrand in non-negative we obtain 

L(z, £ + V<p(x), j] + g(x)) - (£ + Vip(x), r) + g(x)) M » = for a.e. x £ Q, 
from which we have 

7] + g(x) £ dL(x, £ + Vcp{x)) = Q(x, £ + V<p(x)) 

and finally r\ = Jq{ti + g(x)) dx. This implies that dLh om C 6/iom and the equality follows since dLh om is 
itself a maximal monotone operator. □ 



4 A variational approach to homogenization 

We start by studying the homogenization of a class of Lagrangians that is more general than the one 
introduced in Proposition 13.21 We shall then apply this result to deduce Theorem 11.21 announced in the 
introduction. 

4.1 The homogenization of general Lagrangians on W l,p {Vt) x L 9 (Q,;W. N ) 

The following homogenization result does not require the fi-dependent Lagrangian L to be selfdual nor that 
the exponents p and q to be conjugate. 

Theorem 4.1 Let be a regular bounded domain and Q an open non- degenerate parallelogram in R™. Let 
L : il x x R N — > R be an fl-dependent Lagrangian such that: 

(1) For each a,b £ M. N the function x — > L(x, a, b) is Q-periodic. 

(2) There exist constants Co, C± > and exponents p, q > 1 such that for every x £ Q, 

Co(\a\P + \b\"-l)<L(x,a,b)<C 1 (\a\P + \b\" + l). 
Let {G e ;e > 0} be the family of functionals on W /1 ' p (il) x L q (Q;R N ) defined by 

G e (u,r):= inf / L(-, Vu(x), t(x) + f(x)) dx, 
feL"(n-R N )Jn £ 

div/=0 

and set 

L hom (a,b) := min — / L(x, a + V<p(x), b + g(x)) dx. (35) 
vew^iQ) \Q\ J Q 

g£Ll(Q;R N ) 

Equip L 9 (fi;R ) with the following topology denoted by T, 

T n — > t for T if and only if r„ — > r weakly in L q (Q;R N ) and div(r„) — >• div(r) strongly in W~ 1,9 (0), 

There exists then a Lagrangian Ghom on W 1,p (£l) x L 9 (f2;R ) that is a T-limit of {G e ;e > 0} as e — > 0. 
Moreover, Ghom is given by the formula 

G hom {u,T):= inf / L hom Nu(x),T(x) + f(x)) dx, (36) 

div/=0 

Remark 4.1 Note that when the Lagrangian L is independent of the third variable, i.e., 

L(x, a, b) = ip(x, a) for all (x, a, b) £ n x R w x R N , 

for some function tp : Q, x M. N —> R, this homogenization problem is completely understood. Also, when the 
Lagrangian L is independent of the second variable then this problem can be dealt using the bi-continuity of 
the Fenchel dual (see for instance [TJ [TO] ) . The proof for the general Lagrangians consists of two parallel parts 
corresponding to each of these variables and should be done simultaneously for both. The part regarding 
the first variable is rather standard and the same argument can be found for instance in pQ. 
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The proof of Theorem 14. II will follow from the following two lemmas. 

Lemma 4.1 For any (u,t) € W^ P {Q) x L q (fl; R N ), there exists a sequence (u e ,T E ) € W 1,p (f2) x L"(Q;R N ) 
such that u e u strongly in L p (fl), t £ r strongly in L q (p,;M. N ) and 

limsup G £ (u £ ,t £ ) < G hom (u,T). 

Lemma 4.2 Let f £ L q (Q,;R N ) with div(/) = 0. For any (u,r) € t^ 1 ^) x L^fijR^) and any sequence 
(u £ ,t £ ) such that u £ u strongly in L p (il) and t £ — > r to£/i £/ie 7" -topology in L q (p,;M N ) ) we have 

liminf / L(— , Vu E (x), r E (x) + f(x)) dx > / L hom (y u (x), t(x) + f(x)) dx. 



We first show how Theorem 14.11 follows from the two lemmas above. 

The limsup property in the definition of T-convergence readily follows from Lemma 14.11 For the liminf 
property we must show that for any (u, r) € W 1,p {Vi) x L q (Q; R N ) and any sequence {(u £ , t £ )} C W 1,P {^1) x 
L q (Q;R N ) such that 

u £ — > u strongly in L p (fl) and t £ — > r in the T — topology, 

we have that 

liminf G e (u e ,r e ) > G hom (u,T). 

By Lemma \A. 2 1 we have 

liminf / L(-, Vu £ , t £ + /) dx > / L hom (\7u 7 r + /) dx, 
Jn £ Jn 

for every / € L q {Q:R N ) with div(/) = 0. Since 

fx fx 
inf liminf / L( — , Vu e , t £ + /) dx = liminf inf / L( — , Vu e , r e + /) dx, 

feL q (Q;R N ) e^O J n e e^O f(zL q (Q;R N ) Jn S 

div/=0 div/=0 

we obtain that liminf e _,.o G £ (u £ , t £ ) > G; lom (u,T), as desired. □ 

Proof of Lemma 14.11 Note that without loss of generality we may assume L > 0. Assume first that u is 
an affine function and r is constant on f2, that is 

u(x) = (a, x) + a and t(x) = 6, 

for some a and & in W 1 and a € R. Fix 77 € R n and let tp and 5 to be the minimizers on the formula for 
L hom given by (05]): 

L hom (a,b + n) = — L(x, a + V<p(x), 6 + 77 + g(x)) . (37) 

Define 

u e (x) := u(x) + £</>(§) and t e (:e) := r. 

Note that by Lemma HT41 in the Appendix, g can be extended by periodicity to an element of L q oc (R N ;R N ), 
still denoted by g such that div(<?) = 0. It follows that 

lim sup G £ (u £ , t £ ) = limsup inf / Li— , a + V<p(— ), b + f(x)) dx 

s e f&L"(n-R N )Jn £ £ 

div/=0 

< inf limsup / Li— . a + V<^( — ), b + f(x)) dx 
feL q (fi;R N ) e Jn e e 

div/=0 

fx X X 

< limsup / L( — , a + V<p(— ), b + rj + g{ — )) dx. 

e Jn £ £ £ 
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By Lemma T5. 2 1 of the Appendix we have as e — > 0, 

L(-,a + V<p(-),b + r)+g(-))dx^^ f L(y, a + V<p(y), b + V + g(y)) dy. 
e e e Jq 

It then follows from (pT7f that 

limsupG E (tt e ,r £ ) < \il\L hom (a, b + rj), 
and since 77 is arbitrary, we have that 

limsupG e (u e , t s ) < inf \Q,\L hom (a, b + rj). 

By Lemma 15. II of the Appendix we have 

inf / L hom (a, b + f(x))dx > inf \Q\L hom (a, b + rj), 

div/=0 

and thus we conclude, as desired 

limsupG e (u £ , r e ) < inf / L hom (a, b + fix)) dx = G hom (u, r). 
e^a feL" (n-s. N ) J n 

div/=0 

Assume now that u is a piecewise affine function and r is a piecewise constant function on O, that is for 
{rij}j(=i 1 and {i7fc}fcg/ 2 , both finite polyhedral partitions of i7, we have 

u(x) — (dj,x) + OLj for x G Clj and t(x) — bk for x G 

for fixed G 1™ and G R" and constants Oij. By considering non-empty intersections Clj H fifc and 
re-indexing them, we can consider a polyhedral partition of Q such that 

u(x) = (fli, x) + ai for x G fli and t(x) = bi for a; G fii. 

Analogous to what was done previously, fix {7^} C and let (pi and gi be such that 

I J hom{ a ii bi + T)i) = rprr / L (x, a. t + V^j (x), 6, + Tji + & (x)) dx, 

and set u*(x) := u(x) + £</?i(-). 

Unfortunately, we cannot consider u e as the piecewise construction of the above functions, as the ipi won't 
necessarily match along the interface between the Oi and thus will not in general be a function in W 1,P (Q). 
This can be remedied by the following standard construction (see for instance p]): Let £ be the interface 
set between the Qj, and define for 5 > 0, £5 := {x G f2 : d(x, £) < 5}. Consider a smooth function so 
that 

'1 x e £« 
iefl\s 2 j, 



*i(a:) 
and define 



u 5 s (x) := (l - y> s (x))ui(x) + &s(x)u(x) for x G fi* and r e := r. 

It can be checked that the function u 5 e lies in VF 1,p (f2). Note that by Lemma \5 .41 of the Appendix, each g~i 
can be extended by periodicity to an element of L' oc (K JV ; M. N ), still denoted by g~i such that div(<7i) = 0. 
Thus div(?7i + <?i(§)) = on 1* and in particular on flj \ £5. Define f e ,s(x) = rji + <?j(§) on f2j \ £5. One 
can also extend (using Theorem 2.5 and Corollary 2.8 in [20]) to an element in L q (il;M. N ), still denoted 
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by / £j< 5 such that ||/e,5||i,9(n;iR JV ) is bounded and div(/ e ^) = 0. Take now any < t < 1, then 
G £ {tui , t £ ) = inf / L ( V tu{ , t £ + f) dx 

div/=0 

< J^L(ytu 5 £ ,T s + f £tS )dx 

= Yl I if-,t(l-*«)V«*+t* 4 Vu+ (1-4)7- -{u-uDVVs,^ + rn +§>{-)) dx 
i Jn t \s s x £ (1 - *J £ / 

+ £ L(viuf,r £ + / £ , 5 )da; 
Since L is convex in the middle variable and since t(l — ^g) + t^s + (1 — i) = 1, we obtain 
G £ (tu 5 £ ,T £ ) < V/ t(l-* s )L(-,a i + Vip i (-),b i + r h +g i (-j)dx 

+ ]T [ (l-t)L(*,-±-(u-4)W s ,b i + r)i+9i(-)dx 



+ / i* 5j Lf-,Vu,6i + r?i+5i(-)da; 
+ £ L(vtwf,r £ + / £ , 5 )da;. 



For the first term on the right hand side of this inequality we have 



/ t(l-^ 5 )L(-,ai + VCpi{-)A + rii+gi{-j)dx< / a; + V&(-), &i + m + &(-)) dx. 

Jn,\j: s v ^ £ £ 1 hii\T, & x £ £ £ 1 

Using the boundedness of L we get the following estimate for the second term, 
/ { l-t)L(- -^{u-^)^ s M + m+ §,{-)) dx < d(l-t)/ (\—L^( u -ui)V* 5 \ p 

+ |& t +J? t +.9 4 (^)| 9 + l)da;, 

and similarly 

/ ttt5L(-,Vu,&i + »ji +&(-)) dr< Ci / (l + |Vu| p + |&i +77* +&(-)!') da;, 
as well as 



It then follows that 



L(wtu 5 £ ,r £ + f £ ^dx<C\J^ {l + \Vtu 6 £ \P + \r £ + f et s\ q )dx. 



G £ (tu 6 £ ,T £ ) < V / if-, a* + V<^(-),&; + da; 

7Jni\s, v U - e / 

+Ci / (l + |Vu| p + |b { + 77,+ da; 

+C\ J (l + |Vtu£ | p + |r e + /e,^| 9 ) dx. 
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By taking limsup^o on both sides and considering u\ — > u on L p (Qi), and then letting t — > 1 and 5 — > 
we finally get, 



<5->o 

Also note that, 



limsuplimsupG e (tuf , r s ) < -^r / L(x, a* + V&(ic), 6j + + ffi(x)) da;. 
H4 i M -'Q 



(38) 



177T / M x » a » + ^^i( x )j h + Vi + 9i(x)) = inj|L feom (a i , 6j + rjj). 

A diagonalization argument yields from limit (|38p the existence of some t(e) and 5(e) such that t(e) —> 1 
and 5(e) — > as e — > 0. Defining u £ := /j(e)t4 , we obtain 

limsupG e (u £ , r e ) < |fi 4 |L; iom (ai, bi + m), 



and since the {t^} is arbitrary one has 



lim sup G £ (u e , t £ ) < I Qi | inf L ftom (<n , 6, + 77, 



Now we use Lemma 15.11 of the Appendix to obtain 

inf Lhomip-iM + Vi) < inf / L hom (yu(x), t{x) + f(x)) dx, 

1 div/=0 

from which we get limsup e ^ G e (u ei r e ) < Gh om (u,T). 

Finally, consider any (u,t) € W 1 ' P {Q) x L q (rt;R N ). There exists then a sequence of piecewise affinc 

functions and a sequence {r„} of piecewise constant functions such that (u n ,T n ) — > (u,t). By Proposition 
13.41 the function Ghom are continuous, so we also have 

limG; lom (u„, r„) = Gh om (u,r). 

n 

For each n, we have shown the existence of (u e nl r^) such that u e n — > u„ and — > r„ in L P (S1) and L q (fl; R w ) 
respectively and 

limsupG E (u^,r^) < G hom (u n ,T n ), 

so we get 

lim sup lim sup G e (t4, t^) < Ghom(u,T). 

n e— >0 

From the same diagonalization argument as before, there exists some n(e) such that n(e) — > 00 as e — > for 
which, by defining {u e ,t s ) := (Un(e)' T n(e)) we obta i n 

u £ -» u strongly in L p (f2), r e — > r strongly in L q (Q;M. N ) 

and 

limsupG e (7j^,r^) < G horn {u,T). 
This concludes the proof of Lemma 14.11 □ 

Proof of Lemma HIH Let (u, r) G W 1,p (0) x L^OjR^) and / G L^tyR^) with div(/) = 0. We assume 
that u £ — >• u strongly in L p (i7) and r £ — > t £ in T. For constant vectors ai,bi,r)i G R", consider as before 
4' P (Q) and. 9 ~GL|( 



functions ^ G an d 5i G R^) such that 



Lhom(ai, h + m) = t^t / ^(x,aj + V0i(a;),6i + 77i + gi(a;))da;. 
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Denote d\L the subdifferential of L with respect to the middle variable and d 2 L the subdiffcrcntial of L with 
respect to the last variable. From the above we have both 

div{d 1 L(y, at + D<pi(y),bi + + = a - e - V e Q> ( 39 ) 

and 

/ (d 2 L(y,a i + D<p i (y),b i +r )i + g i (y)),g{y))dy = 0, (40) 
Jq 

for any g £ L q # (Q;R N ). It follows from flM]) that 

d 2 L(y, di + V<pi{y),bi + + gi(y)) = Vw(y) a.e. y&Q, (41) 

for some w G W^ P (Q). It also follows from Lemma l5.3l that w can be extended by periodicity to an element in 

W^(M N ). Now, let u g W 1,p (£l) be a piecewise affine functions and f G L q (Q,;M. N ) be a piecewise constant 
function such that for some partition {fli} of £1 we have 

u(x) — (a,, + ai for igU; and f(x) — bi for a; € f2i. 

Consider now for x £ fij, 

w e (x) := u(x) + e^i(f ) and r e (a;) := t(;e). 

From the convexity of L we get 

L(-,Wu £ (x),t £ (x) + f(x)) > L(-,m £ {x),t s (x)+r)i +&(-)) 

e e e 

+(d 1 L(-,Vu e (x), T e (x) + + gi(-)),Vu e (x) - m e {x)) 
e e 

+{d 2 L(-,Vu e (x),T E (x) +rji +m{-)),T E (x) - f e (x)) 
e e 

X XX 

+(d 2 L[-,'Vue(x),f s (x) +rn + &(-)), f(x) - % -&(-)}• 

£ £ £ 

Consider now smooth functions : Hi — > R with compact support such that < \Pj < 1. Multiplying the 
above convexity inequality by integrating over fii and adding over all i, we get the following: 

/ L(-,Vu e ,T £ + f)dx > V/ L(-,ai + Vtpi(-),bi + rk i(x)dx 
Jq £ iJni, £ £ £ 

I X X* X" 

+ V / (9 1 i(-,ai + V^(-),6i+ry i +3i(-)),Vit £ (a;)-Vue(a:))^i(x)da; 

i J^i £ £ £ 

+ V / (d 2 L(-,a i + y<p i (-),b i +r]i+g i (-)),T s {x)-f £ (x)}^ i {x)dx 

i Jrii £ £ £ 

+ V / (d 2 L(-,a i + V<p i (-),b i + r )i +gi(-)),f(x)-Vi}^i(x)dx 

~~ Jfli £ £ £ 

+ V / {d 2 L{-, ai + Vipi{-)M + m+9i{-)),-9i{-))^i{x)dx. 

^ JQi £ £ £ £ 

Now we deal with each term independently. For the first term on the right hand side of the above expression 
we have 

l X X X f 

/ i(-,a l + Vipi(-),bi +rji + g l (-))^> l (x)dx ->• / L hom (a i: h + rj^^x) dx, 
isi, e £ e Jn, 

by virtue of Lemma 15.21 

For the second term, by integrating by parts and by then taking into account (|39p we obtain 



o, 



/ X X X 

(d 1 L(-,a i + Vipi(-),bi + T] l +g i (-)),Vu e (x) - Vu e (x))^i(x) dx 

£ £ £ 

(diL{-,ai +V(pi{-),b i + m +9i(-j),(ue - u E )\7^ t (x)) dx. 

£ £ £ 
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It follows from Lemma I5T21 and Proposition 13. 51 below, that if e — > then, 

3? X X I 

(diL(—,a,i + \Kp t {-),b i + m+9i{-))A u e ~ u E )W;(x)) da; ->• / {diL hom (a t , bi + rji), (u - u)S7^i(x)} dx 

: £ £ £ JQ; 

Integrate by parts on more time to get 

(diL hom (a,i, bi + r)i), (u - dx = - I (diL hom (ai,bi + %), Vu - V«>*i(i) dx, 

from which one has 



(diL(-, ai + V0i(-),&i + »7i Vtie(i) - Vue^f.^di -> 

(diLhom(at,bi + T]i),Vu - Vu)^^) da;. 



For the third term, we use flU) to get fl!a£(f , «i +-D<?i(f ), &i + % +&(f )) = Vw(§ ) for some w € W# ,P (Q). 
Using an integration by parts, we obtain 

a; fx 
(Vw(~),t s (x) - t e (x))^i(x) dx = - I ew(-)div(r e (x) - t e (x)))^i(x) dx 

ew(-)(VVi(x),T s (x)-t e (x))dx, 
n, £ 

which goes to as e — > since t £ — >• r in the T-topology. 
Similarly as above, the fourth term can be seen to converge to 

/ (d2L hom {a i ,b l + rji), f{x) - r7i)*i(ar) da;, 

while for the fifth term, we first observe that the function 

mi(x) := (d 2 L(x,ai + Vtf>i(x),bi +r)i + 9i(x)) , <ji(x)) 

is Q-periodic, and thus setting (mi) e (x) :— rrii(-), it follows from Lemma [5.21 that (n%i) e — 1 Wii weakly in 
L , where 

Wi = T7T\ i ( d 2L(y,ai + V<fi(y),bi + ri z +g t (y)),-g t (y))dy, 

M JQ 

which is equal to in view of (|4T))) . The fifth term therefore disappears as e — s- 0. 
Putting now all of the above together we obtain that 

liminf / L(-, Vtt £ ,T e + /) da; > V" / L hom (ai,bi + r]i)^i(x) dx 
Jn £ i Jsii 

+ (diL hom (ai,bi + rji), Vu(x) - Vu(i))*i(i) da; 

+ (d 2 L hom (ai,bi + i]. l ),f(x)-r] l ) 1 S> i (x)dx. 

i 

By taking into account the estimate 

\dL hom (a,b)\ < M(l + |a| p_1 + l&l^ 1 ) for all a, b E R N , 

which follows from estimate (jM)) in Proposition 13.41 and letting j" 1 on each f2j, it follows from the 
dominated convergence theorem that 

,x 



liminf | Vu £ , t £ + /) da; > j L hom {S/u(x), f (x) + /(a;)) da; 



+ / (9iL/ lom (Vu(x),f(x) + /(x)), Vu(x) - Vfi(i)) dx 
(d 2 L hom (yu(x),f(x) + /(x)),/(x) - /(x)) dx. 
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where / e L q (ri:M. N ) is a function denned by f(x) — r\i on il^. The above is valid for arbitrary piecewise 
affinc function u, and piecewise constant functions f, /. We can then let u — > u in W l ' p {Q) and f — > r and 
/ ->• / in R N ) to obtain 

liminf / £(-, Vu e , t £ + f) da; > / L hom CVu(x),T(x) + f(x)) dx. 
Jn £ Jn 

This completes the proof. □ 
Before proceeding to the next subsection, we note the following slight extension of Lemma 14.11 which will 
be needed for Proposition ^. II below. We note that the proof is known when G £ is independent of the second 
variable, and here we show that the same proof with minor modification works for general Lagrangians just 
as in Theorem 14. II 

Lemma 4.3 Let G £ and Ghom be as in Theorem \4-l\ Then, for any (u,t) € PF 1:P (£1) x L q (fl;M N ), there 
exist a sequence (u £ , t £ ) such that u — u £ — 1 weakly in W ' p (Cl) and t £ — > r in the 7 -topology. Furthermore, 
u — u £ € Wq' p (Q) and for this sequence: 

limsup G e (u e , T e ) < G(u,t). 

Proof. From Theorem 14. 1[ there exist a sequence (u £ ,t £ ) with u £ — > u in L p (il) and t £ — > r in the 
T-topology, such that 

G h om(u,T) = hmG e (u e ,T e ). 

Up to a subsequence one may assume that 

u £ — u weakly in W 1,P ({Y). 

Pick any <p e Wq' p (Q.) with cp > in il. Define: 

u £ u(x) — <f(x) < u £ < u(x) + <p(x) 

u £ (x) := ^ u(x) — <f(x) u £ (x) < u(x) — ip(x) . 

u(x) + ip(x) u(x) + <p{x) < u £ (x) 



Note that u £ — u g Wq' p (0) and since u £ — ^ u weakly in W 1:P (il), so 
L + C > 0. For any / G L«(0; R N ) with div(/) = we have 



weakly in W 1 ' 3 ^). Note that 



G £ (u £ ,T £ ) + C \n\ < 



L(-,Wu £ (x), f(x) + t £ (x)) + Co 



dx 



L(-,Vu e (x)J(x) + r e (x))+C 



dx. 



For x in the set {u £ ^ u £ }, the norm of \7u £ (x) is controlled by the norm of |Vu(a;)| + |Vy(ar)|. It follows 
that 



G £ (u £ ,T £ ) + Co\n\ < 



+ 



C x ((|Vu(a;)| + \V<p{x)\Y + \t £ (x) + f{x)\« + l) + C Q 

dx. 



dx 



L(-,VUe(x), f(x) + T e (x)) + C 



Take now the infimum over all / € L q (£l;M. N ) with div(/) = and subtract the latter by Co|f2|. Since 
\{u £ ^ u £ }\ -> and Ghom{u, t) = lim e G £ (u £ , t £ ), we obtain 

limsup G £ (u £ ,t £ ) < G(u,t). 
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4.2 Variational homogenization of maximal monotone operators on W Q ' p (fl) 



In this section we establish a homogenization result for selfdual Lagrangians on Wo' p (n) x W -1 '«(f2) where 
i + i = 1 and then proceed to prove Theorem 11.21 

Theorem 4.2 Let f2 be a regular bounded domain, Q be an open non-degenerate parallelogram in R n , and 
L : il x x R N — > R be an Sl-dependent selfdual Lagrangian such that: 

(1) For each a,b £ R w the function x — > L(x,a,b) is Q-periodic, 

(2) For some constants Co, C\ > 0, we have for every x £ M. N , 

C (\a\ p + \b\ q ) < L(x, a, b) < C^af + |6|« + 1), (42) 

where p > 1 and i + i = 1. Let u* — > u* strongly in W~ 1,g (Q) and let u n be solutions and r n be momenta 
for the Dirichlet boundary value problems 

r n (x) £ dL(f-,Vu n (x)) a.e. x£fl 

-div(r n (x)) = u* n (x) (43) 

Un £ w^ p (n). 

Then, up to a subsequence, 

u n — > u weakly in W^ ,P {^1) and T n — >• r weakly in L q (ri;WL N ), 
where u is a solution and r is a momentum of the homogenized problem 

t(x) £ dLh om iyu{x)) a.e. x £ SI 

-div(r(x)) =u*{x) x £ Q (44) 
u£W hp (Q), 

where Lhom is the selfdual Lagrangian on l w x R N defined by 

L hom (a,b) := min — / L(x, a + Dip(x), b + g(x)) dx. (45) 
<pew£"(Q) \Q\ Jq 

geLl(Q-R N ) 

This will follow from the following proposition. 

Proposition 4.1 Let Q,Q and L be as in Theorem \4-.2\ and let {F £ ;e > 0} be the family of selfdual 
Lagrangians on W ' p (£l) x W~ 1,q (fl) defined by 

F £ (u,u*):= inf [ L(- ,Vu{x), f(x)) dx. 

— divf=u* 

Then, there exists a selfdual Lagrangian Fh om on M. N x that is a T-limit of {F £ ;e > 0} on W ' P (Q,) x 
W~ 1 ' q (Q). It is given by the formula 

F hom (u,u*) := inf / L hom Nu{x), f(x)) dx, 

f£L'>((l;R N ) Jn 
—divf—u* 

where L} lorn is the selfdual Lagrangian defined by and which satisfies for all (a, b) £ R xR 

C (\a\ p + \b\ q - 1) <L hom (a,b) < d(|a| p + |6|« + 1). 



Proof. Note first that the selfduality and uniform bounds of Lh om follow from Proposition 13.41 It also 
follows from Proposition [372] that both F e and Fhom are selfdual Lagrangians on Wo' p (Sl) x W~^ q (n). Given 
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(u,u*) G Wo' p (fl) x we now show the existence of a sequence {(u £ ,u*) G W^' p (fl) x VF" 1 ' 9 ^)} 

with u £ u weakly in W ' p (fl) and u* — > u* strongly in W~ 1,q (Q,) and such that 



limsupF e (M e ,M*) < F hom (u,u*). (46) 
For that we consider {G £ ; £ > 0} be a family of functionals on W 1 ' p (fl) x L q (fl; R N ) defined by 



G e (u,r):= inf / L(-, Vu(x), t(x) + f(x)) dx, 
f€L"(n-R N )Jn £ 

div/=0 

and 

G hom (u,r) := inf / L hom (Vu(x), t(x) + f(x)) dx, 
/eL«(n ; R N )Jn 

div/=0 

Take r G L 9 (f2; M^) such that div(r) = u* . It follows from Lemma [4.11 and Lemma [4.31 that there exists 
(u £ ,t £ ) G W 1,p (fi) x L 9 (£7; R N ) such that u e -> u strongly in LP (ft) and r £ -> r strongly in Z^OjK^) and 

limsupG e (-u e ,T e ) < Ghom(u,T). 

The sequence u £ is bounded in Wo' p (fi), so we may assume u £ —> u weakly in Wq ' p (f2). Since r £ — > r strongly 
in L9(ft;R N ), it follows that u* := div(r e ) -> div(r) = u* strongly in Thus, the inequality (gSJ) 

follows by noticing that G £ (u £ , t £ ) = F £ (u £ , «*) and G hom {u, t) = F horn (u, u*). 

We shall now show that if (u,u*) G W^ p (fl) x W~ l ' q (ft) and u e ->■ u weakly in W 1,p (rj) and w* -> it* 
strongly in VF _1 ' 9 (f2) then 

Ffc oro («,u*)<liminff , e (u e ,u*). (47) 

s— >0 

Take an arbitrary element in (u, y*) G W ,p (fl) x From the above, there exists (v e , v*) G W 1,p (fi) x 

W _1,9 (f2) with v £ — > v weakly in W 1,p (f2) and v* — > v* strongly in W~ 1,q (fl) and such that 

limsupF e (i> £ , v*) < Fhom(v,v*). 

By the self duality of F £ we have 

F £ (u £ ,u* £ ) = F £ *(u* £ ,u £ ) = sup{(u £ ,w*) + (u*,w) - F £ (w,w*); (w,w*) G W^' p (fl) x W~ 1 ' q (ft)} 

> (u e ,v*) + {u* e ,v E )-F E (v e ,v*), 



from which we get 



liminf F E (u e ,u* e ) > liminf{(u e ,u*) + (u* e ,v E ) - F E (v E ,v*)} 

e— s-0 " e— >0 



= (u, v*) + (u* , v) — limsup F £ (v £ ,v*) 

> (U,V*) + (U*,V) - Fhom(v,V*). 

Since the above holds for an arbitrary (v,v*) G W ' p (fl) x W~ 1,q (ft), we obtain 

F hom( u *> u ) < liminf F e (u e ,u* e ). 

e—¥0 

Taking into consideration that Ft- lom is selfdual we obtain 

F hom (u,u*) = F% (u*,u) < liminf F £ (u £ ,u* £ ), 

e— ¥0 

as desired. □ 
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Proof of Theorem 14.21 Since (it n ,r n ) are solutions of (|43p . it follows that 







L( — , Vu n (x),r n (x))dx- / (Vu n (i), t„(x)) r n dx 

a £ n JQ 

L( — , VM„(x),T„(x))dx - I u n (x)u* n {x)dx. 
n £ n Jn 



(48) 



Due to the coercivity assumption on L and the strong convergence of zt* , it follows that the sequence u n is 
bounded in Wq ' p (f2) and t„ is bounded in L q (Q; R N ). Thus, up to a subsequence, u n — > u weakly in Wj ,p (f2) 
and r„ — > r weakly in L^OjR^). We also have div(r„) = u* — > u* = div(r) strongly in W -1 ' 9 (fi), from 
which we indeed have t„ — > t in the T-topology (introduced in Theorem 14 .![) . 
Taking / G L 9 (fi; R N ) with div/ = 0, it follows from (gSJ) that 



L( — , Vu n (s), t„(x)) dx 



< 



u n (x)u* (x) dx 

u„(x)div(r„ + /) dx 
Vu„(x),t„ + /) r jv dx 



L( — , Vw„(x), r„ + /(x)) dx. 



This indeed shows that 

x 



inf 



/ L( — , Vu„(x),r„(x)) dx = 
Jn £n /e/,«(n ; R v ) Jn '£ 

div/=0 



L(— , Vu„(x),r„(x) + /(x)) dx. 



Let 



inf 

/ei«(n ; m JV )7n 

div/=0 



L( — ,Vv(x),f(x) + /(x))dx. 



It then follows that J n L(f-, Vit„(x), r„(x)) dx = G £ „(u„,t„). Define 77 : W 1,p (fi) x L«(fi 



by 



H(v,f) = j n (Vv(x),f(x)) R N dx. Note that iJ is continuous if we consider the weak topology of W ' p (tt) 
and the T-topopogy for L q (rt;'R N ). It then follows from Lemma l4~2l that 



L hom ('Vu(x),T(x)) dx - H(u,t) < liminf [G £n (u n ,T n ) - H(u n ,T n )] 



= lim inf 

E„->0 

= 0. 



L( — , Vu„(x),r n (x))dx - / u„(x)div(r„(x)) dx 



On the other hand, we have that 

L hom (\7u(x),T(x)) dx - H(u,t) = / L hom (yu(x),T(xj) - (Vn(x), r(x)) R iv 

which means that the latter is indeed zero, i.e., 

L hom (Vu(x),T(x)) - (Vu(x),r(x)) R iv dx = 0. 

Since the integrand is itself non-negative we have 

£hom(Vw(x),T(x)) - (Vu(x), t(x)) r jv = a.c. X G fi, 

which together with — div(r(x)) = u*(x), yields 

r(x) G 9i/j 0m (Vu(x)), a.e.x G fi, 
— div(r(x)) = u*(x), x G f2, 

u g i< p (n). 



dx > 0. 



(49) 
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5 Appendix 

We shall here state some of the results used throughout the proof. 

Lemma 5.1 Assume L : R n x R" -> M is a convex function such that C (\a\ p + \b\ q — 1) < L(a,b) < 
Ci(\a\ p + \b\ q + 1) for all a,b G where p, q > 1 are two constants. Suppose ft is a bounded open domain 
in M. N and n G L^fi;!^) and t 2 G i 9 (ri;R Ar ) are fwo piecewise constant functions such that 

T\(x) — a i} x G fii, and T2(:r) = a; G O i7 

where {£li} ie i is a finite polyhedral partitions of SI, and {ai}i e i 7 {bi} ie j are two sequences G R N . Then 

min / L(ti,t 2 (x) + f(x)) dx inf L(a;, + 

feL«(n-,R N )Jn ^ weR" 

div/=0 fc 

Proof We first prove a stronger result (actually an equality) when the set index / is a singleton. For any 
constant r/ G l w we have 

min / i(a, 6 + f(x)) dx < / L(a, b + rf) dx — |fi|L(a, b + 77), 
feL«(n;R N )Jn Jn 



div/=0 

from which we obtain 



min / L(a, b + f(x)) dx < inf \Q.\L{a,b + rf), 
feL"(n-,M N ) Jn »?gr n 



div/=0 

Let now / be the element in L q (Sl; M. N ) with div/ = such that 



/ L(a, b + f (x)) dx = min / L(a, 6 + f(x)) dx. 
Jn feL"(n:R N ))Jn 

div/=0 



Using Jensen's inequality, we obtain 

inf \n\L(a,b + V ) < \il\L(a,b+^- [ f(x)dx) 



= M LI -w\L adx -w\L b+hx)dx) 

< [ L(a,b + f(x)) dx 
Jn 

= min / L(a, b + f(x)) dx. 
feL"(n-M N )Jn 



div/=0 

This completes the proof for / being a singleton. Now we prove it for the general case. Note first that, using 
the above argument on each fli we have 

inf / L(ai,bi + g(x)) dx = inf \il l \L(a l , b t + rji). (50) 

geL"(n i ;m N )Jn i meR N 

divg—O 

One also can easily deduce that 

inf / L(t 1 (x),t 2 (x)+ f(x))dx>y inf / L(a u b t + f t {x)) dx. (51) 
feL q (n-,R N ) Jn , / t eL«(n i; R N ) Jn, 

div/=0 div/,=0 
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In fact if inf / gL <j(n;R N ) Jq L(ti(x),t 2 (x) + f(x)) dx — f Q L(ti(x), t 2 (x) + f(x)) dx for some / G L q (Q; R N ) 

div/=0 

with div(/) = 0, then 

f L( ri {x), r 2 (x) + f{x)) dx = V f L(a h h + f{x)) dx 
Jn l£l Jn t 

> inf / L(a,i,bi + fdx)) dx. 

div/i=0 

The proof therefore follows from combining (|50l) and (joTj) . □ 
The following three Lemmas are standard and we refer to [25] for the proof. 

Lemma 5.2 Let r > 1 and / G L r {Q). Then f can be extended by periodicity to a function (still denoted 
by f) belonging to LJ oc (lSL N ) . Moreover, if (ek) is a sequence of positive real numbers converging to and 
9k(x) =g(~). 

Ifl<r<oo, then f k -> M{f) = mr f Q f(x) dx weakly in U loc {R N ), 

and 

ifr = oo, then f k -> M{f) weak* in L°°(R N ). 



Lemma 5.3 Let r > 1 and u G W^ r (Q), then u can be extended by periodicity to an element ofW^( 



Lemma 5.4 Let r > 1 and r' = ^-rj. Let g E L r (Q;M ) such that J ( ^(g(x),'Vv(x)) dx = for every 
g can 

that div(g) = in D'(R N ). 



v G W^ 1 (Q). Then g can be extended by periodicity to an element of L[ oc (IR Ar ; M. N ), still denoted by g, such 
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